Abstract. The question of whether noncontextual hidden variable models can give the quantummechanical predictions has been under discussion for a long time. The question originates in the sixties, perhaps best known from the 1967 paper by Kochen and Specker where it was shown that no noncontextual hidden-variable model can give these predictions. Recently, the question has gained interest from experimentalists trying to test this in the laboratory. The experimental setups in question have used a sequential setup rather than the alternative, joint (simultaneous) measurement. There has been discussion in the community whether this is appropriate. This brief paper argues that sequential measurement is not only the correct choice, but the best possible.
INTRODUCTION
The basic question underlying this short paper is [1] : "Can the quantum-mechanical description be considered complete?" It has long been debated whether quantum mechanics (QM) can be completed with additional hidden variables (HVs), that would provide a more detailed description of the world [1] [2] [3] . There is, however, a problem when trying to distinguish QM from HV models. For a given experiment, one can just take the observed probability distributions as a HV model [4] . Moreover, there are explicit HV theories, such as Bohmian mechanics [5, 6] , which can reproduce all experiments up to date. Thus, we need to be more specific, and make additional assumptions about the structure of the HV model. The most famous result in this direction is Bell's theorem [7] . Bell's theorem states that local HV models cannot reproduce the QM correlations between local measurements on some entangled states. That particular set of additional assumptions will not be studied further in this paper but we note that this conflict can be tested in experiment [9] [10] [11] .
A second seminal result on HV models reproducing QM predictions is the KochenSpecker (KS) theorem [12] [13] [14] . This result concerns so-called noncontextual HV models, which is the subject of this paper. Noncontextual HV models are models in which results of measurements do not depend on which other compatible measurements are (have been) performed. These concepts will be described below. In a nutshell, the KS FIGURE 1. Intuitive image of the three possible measurement outcomes when measuring magnetic dipole moment of a spin-1 system along a chosen direction. theorem states that noncontextual HV models cannot reproduce the QM predictions. This impossibility occurs already for a single three-level system, so it is not related to entanglement.
There have been several proposals to test the KS theorem [15] [16] [17] [18] [19] [20] [21] [22] [23] , but there also have been debates about whether the KS theorem can be experimentally tested at all [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] . Nevertheless, recent progress in the field enables experimental tests, and one such test can be found in [35] ; see also [36] [37] [38] [39] [40] [41] [42] [43] . The test in [35] uses sequential measurements, and we will spend what remains of this short paper on an argument why sequential measurements are valid -or really, that they are the kind of measurements to use.
QUANTUM FORMALISM AND HIDDEN VARIABLES
To set the stage and explain exactly what noncontextuality and compatibility means in this situation, we begin by looking at a spin-1 system. This is a (quantum) system that exhibits a magnetic dipole moment of a certain magnitude, that we normalize to 1 here. One reason for calling this a quantum system is that if you choose a direction and measure the magnetic dipole moment along this direction, the result is quantized. There are only three possible results: (+1) the moment is parallel to the measurement direction, (0) the moment is perpendicular to the measurement direction, (−1) the moment is antiparallel to the measurement direction, see Fig. 1 . Now for the concept of "compatible" measurements. These are measurements that are possible to perform simultaneously. A measurement of magnetic dipole moment consists of sending the particle 1 into a so-called Stern-Gerlach analyser which uses a non-uniform magnetic field to bend the trajectory 1 of the particle depending on its magnetic dipole moment along the direction in which the external magnetic field is nonuniform. Simultaneous measurements along several directions are not possible since the two external fields would add, giving the result from a third direction rather than separate results for the two desired measurements. Measurements of magnetic dipole mo-ment along different directions would therefore be non-compatible, although a complete analysis of this would be lengthy and out of the scope of this paper.
Within QM, this is represented in the form of measurement operators on the state space, a complex vector space, in this case finite-dimensional. The results are encoded as eigenvalues of the operators, and operators corresponding to measurement along different directions cannot be diagonalized simultaneously. Some examples are
These do not commute; they cannot be diagonalized simultaneously. Denoting the vector with the above entries s, a measurement along a general direction v is given by
These operators do not commute for different values of v. The probability of a certain result is calculated via projection onto the relevant eigenspace
for a pure state (and using the trace rule otherwise, for a complete description, see some good textbook on QM). Within classical probability theory, on the other hand, the basic object is a probability space (Λ, F , µ). Here µ is measure on F , the family of subsets of the sample space Λ known as events. Measurement outcomes are represented as values of random variables, which are functions
The probability is here calculated using µ as
This is often referred to as a "hidden variable" model, and the hidden variable is the sample λ , a point in the sample space.
THE KOCHEN-SPECKER THEOREM
The main question of noncontextual realism is: does there exist a family of random variables with the above properties that gives the QM predictions? This question can be restated in several ways, for example, as the question of the existence of a joint distribution that gives the QM marginals. But the question is difficult, because no two different measurements can be simultaneously performed; no different s v commute. This means that the measurement outcomes cannot be directly compared, so to allow this we modify the setup slightly. The modification is to introduce enough structure to be able to compare some outcomes. A good way of doing this is to restrict our measurement somewhat, so that we only distinguish the two sets {0} and {±1}. Let us map −1 onto +1, in QM this corresponds to squaring the measurement operators, giving
These do commute, which is visible from a change of basis which gives
This means they are measurable simultaneously, and it is well known and immediately visible that
It is also immediately clear that two of the outcomes will be 1 and the third will be 0, and that P S
We can now ask the question if there exists a family of random variables
with the above property, that gives the QM predictions, for every possible choice of the mutually orthogonal directions x, y, and z? Somewhat surprisingly, the answer is no! Theorem (Kochen-Specker, 1967 [14] ): No function f :
for every possible choice of orthogonal triplets x, y, and z
The proof of this theorem is slightly out of the scope of this paper but can be found for example in [14] (one simple version is available in [44] ). One could ask what would be required to make the family exist, and the answer is simple: make the family larger. Using the context of each measurement, i.e., which compatible measurements that are performed together with the measurement in question, will make the family large enough. That is, letting the random variables depend on the whole measurement setup, as in 
MEASUREMENT OF SPIN SQUARED
Measurement of spin squared can be thought of as a measurement of magnetic quadrupole moment, which is not so familiar to most people, see Fig. 2a . The measurement outcome is the axis at which the central axis of the field is directed, perpendicular to the paper in Fig. 2a . In QM, the quantization is along one of the three axes specified in the measurement setup. The inputs to such a measurement is three orthogonal directions (well, two are sufficient) and the output is which direction is the center axis of the quadrupole. In this joint measurement one needs to really specify all three directions (well, two) to get the outcome. The alternative is to use sequential measurements, as depicted in Fig. 3 . This would output the individual components rather than the "which axis" that was output in the joint measurement. In fact, the joint measurement is different enough to motivate its own operator representation
since it outputs which direction is the axis of the quadrupole. Compare this with the operator representation of the sequential measurement of 
The output from this sequential measurement is the actual spin-squared components. 
JOINT VERSUS SEQUENTIAL MEASUREMENT
Comparing the joint measurement setup with the sequential, the former has been argued to have several advantages:
• it is a single-shot measurement,
• the whole context is input at the same time,
• the QM results are guaranteed, and • noncontextuality is simple to formulate theoretically.
Comparing this with the sequential setup, there are several points which seem to be drawbacks
• consists of several measurements (not just one), • needs separate input of different parts of context, • deviations from the QM results can occur, and • noncontextuality is harder to motivate, perhaps earlier measurements influence later measurements even though they commute.
But comparing these items carefully gives another image:
• The joint measurement is single-shot, but the actual individual outcomes need to be inferred. In the sequential measurement they are output directly.
• The joint measurement changes as a whole when changing context, which makes it hard to argue that the output along one direction would have been the same (this is the usual argument against testing noncontextuality in experiment).
• The joint measurement actually forces the QM output. There is no room for anything else than the QM predictions, and it can be seen as a weakness that this would be built into the measurement device.
• Noncontextuality is hard to motivate even in the joint setup (because of the second item above). It can be seen as a benefit of the sequential setup that it brings out this into the open. It is now possible to discuss the influence from one measurement to the subsequent, and it is actually easy to argue that later measurements do not influence the preceding.
FIGURE 4.
Repeating a measurement after another compatible measurement. The QM prediction is that the probability is 1 that the measurement outcome is repeated.
Moreover, let us briefly review the reasons for assuming that measurement outcomes are given by an underlying probabilistic model in the first place. The reason usually given is repeatability (see Fig. 4 ): based on earlier experience, we can predict with certainty what a particular experimental outcome will be. We can predict the outcome even after a chain of compatible measurements, and this is the basis of our assumption of existence of a property (in a probabilistic model, λ ) that fixes this particular measurement output. The existence of this (context-less) measurement device (one of the devices in Figs. [3] [4] and the repeatability of the outcomes is at the heart of the argument for realism.
In fact, even for a joint measurement, the very existence of a context-less device that can measure the outcome of interest, is used as an argument that the corresponding measurement outcome of the joint measurement is independent of the context. Furthermore, the accuracy of the joint measurement is often checked by repeatedly making a joint measurement and the corresponding compatible single measurements in any possible order. This is at the basis of the noncontextuality argument. We would argue that a sequential setup is more close to the issue at hand: we check for noncontextual realism with the very devices that motivate the concept of noncontextual realism in the first place.
It might be argued that the version of the noncontextuality assumption needed in the sequential setup is more restrictive on the model than the version used for joint measurements. This would mean that a test using a sequential setup would be weaker than a test using a joint-measurement setup. However, as we have argued above, the motivation for assuming noncontextuality even in the joint-measurement setup is the existence of the individual measurements and their compatibility and repeatability when combined with joint context-requiring measurements. Therefore, the assumptions needed in the sequential-measurement setting are equally well motivated as the assumptions needed in the joint-measurement setting. In fact, the sequential setting brings the issue out into the open. The assumptions needed are made explicit: earlier measurements should not influence the outcomes of later compatible measurements. And motivating physically unchanged outcomes is much easier in the sequential setup, since the device used is physically identical for the unchanged setting. Changing the context of a particular measurement changes the devices earlier (and later) in the chain, but does not touch the device itself. There is also the possibility of testing that repeatability holds, and this is enabled by establishing experimental bounds for the influence of intermediate measurements and including these in the analysis [35] .
CONCLUSIONS
This paper has briefly argued that sequential measurements are better suited for testing noncontextual hidden variables than joint measurements. One reason is that in the sequential setup we check for noncontextual realism with the very devices that motivate the concept of noncontextual realism in the first place. Another is that the joint measurement changes as a whole when changing context, which makes it hard to argue that the output along one direction would have been the same; in the sequential setup the measurement device along a fixed direction is unchanged. A third is that the noncontextuality assumption itself is brought out this into the open in the sequential setup. It is now possible to discuss the influence from one measurement to the subsequent, and it is actually easy to argue that later measurements do not influence the preceding. It is also possible to perform a test (albeit limited) of the influence from one measurement to the subsequent, and to include that in the analysis. In all, there are many benefits of using sequential measurements in tests of noncontextual realism, and this is our reason to argue in favor of such tests.
